Given a graph G and an edge coloring C of G, an alternating cycle of G is such a cycle of G in which any adjacent edges have distinct colors. Let d c (v), named the color degree of a vertex v, be defined as the maximum number of edges incident with v, that have distinct colors. In this paper, some color degree conditions for the existence of alternating cycles of length 3 or 4 are obtained. We also give a bound on the length of a maximum alternating cycle under conditions of color degrees.
Introduction and notation
We use [4] for terminology and notations not defined here. Let G = (V, E) be a graph. An edge-coloring of G is a function C : E → N (N is the set of nonnegative integers). If G is assigned such a coloring C, then we say that G is an edge-colored graph, or simply colored graph. Denote by (G, C) the graph G together with the coloring C and by C(e) the color of the edge e ∈ E. For a subgraph H of G, let C(H) = {C(e) : e ∈ E(H)} and c(H) = |C(H)|. For a color i ∈ C(H), let i H = |{e : C(e) = i and e ∈ E(H)}| and say that color i appears i H times in H. For an edge colored graph G, if c(G) = c, we call it a c-edge colored graph. 
A path or cycle in an edge-colored graph is called alternating if any adjacent edges have distinct colors. Besides a number of applications in graph theory and algorithms, the concept of alternating paths and cycles, appears in various other fields: genetics (cf. [8, 9, 10] ), social sciences (cf. [7] ). A good resource on alternating paths and cycles is the survey paper [2] by J. Bang-Jensen and G. Gutin.
Grossman and Häggkvist [11] were the first to study the problem of the existence of the alternating cycles in c-edge colored graphs. They proved Theorem 1 below in the case c = 2. The case c ≥ 3 was proved by Yeo [14] . Let v be a cut vertex in an edge colored graph G. We say that v separates colors if no component of G − v is joined to v by at least two edges of different colors.
Theorem 1 (Grossman and Häggkvist [11] , and Yeo [14] and by J. Shearer [13] 
. So far the best asymptotic estimate was obtained by Alon and Gutin [1] .
Theorem 2(Alon and Gutin[1]). For every
− )n has a Hamiltonian alternating cycle.
Main results
We study some color degree condition for the existence of the alternating cycles, in particular the shortest alternating cycles and the longest alternating cycles.
We begin with a study of the existence of an alternating cycle with good property. Under color degree conditions, we have
for every v ∈ V (G), then G has an alternating cycle AC such that each color in C(AC) appears at most two times in AC.
Moreover, for the existence of an alternating cycle, we have the following proposition.
Proposition. For any integer i, there exists a colored graph
G i such that d c (v) ≥ i, for every vertex v of G i ,
and G i has no alternating cycles.
To show the above proposition, we construct the following example by induction.
Let G 1 be an edge e with color C(e) = 1. Given G i , we construct G i+1 as follows. First, make (i+1) copies of G i and denote them by For the shortest alternating cycles, we get result on alternating triangles or alternating quadrilaterals with minimum color degree conditions. for every v ∈ V (G), then G contains at least one alternating triangle or one alternating quadrilateral.
We also give a bound for the longest alternating cycles. In fact, we think that the bound in Theorem 5 is not sharp, and we propose the following conjecture. , and B contains no Hamiltonian alternating cycle.
The proofs of the main results in Theorem 3, 4, 5 will be given in Section 3. 
Proofs of the main results

Proof of Theorem 4.
By contradiction. Suppose that G is a colored graph such that d
Consider the graph G[X], and we have the following lemma.
Lemma 1.1. Suppose e ∈ E(G[X]), then the following hold: (i) If
Proof. Clearly (i) and (ii) hold, otherwise we can obtain an alternating triangle, which gets a contradiction.
If (iii) does not hold, then there exists an edge (uv) . Similarly, we obtain that C(vv j ) = C(uv). Then we can get an alternating quadrilateral : uvv j u i u, a contradiction.
2
Construct a digraph as follows.
( 
1). In graph G[X], do the following operation: deleting the edges
Proof. Firstly, we will prove that C p is alternating. Assume that xy and yz are adjacent edges of C p , and furthermore, in − → C p , the orientations of xy, yz are from x to y, from y to z. By the orientation rule, we conclude that C(xy) = C(uy) or C(xy) = C(vy) and
If C(xy) = C(uy) and C(yz) = C(uz) or C(xy) = C(vy) and C(yz) = C(vz), then by the definition of the maximum color neighborhood, it holds that C(uy) = C(uz) and
C(vy) = C(vz), Thus we have that C(xy) = C(yz).
Otherwise, without loss of generality, assume that C(xy) = C(uy) and C(yz) = C(vz).
Then by (1) and Lemma 1.1(iii), we have that C(uy) = C(vz). It follows that C(xy) = C(yz).
Thus C p is an alternating cycle. Moreover by the definition of N c (u, v), we can conclude that each color in C(C p ) appears at most two times in C p .
The girth of a digraph D containing directed cycles is the length of the smallest directed cycle in D. Since G has neither alternating triangles nor alternating quadrilaterals, it follows that the girth of D 1 is at least 5. . By Lemma 1.3, there is a vertex w of D 1 such that d , the above inequality is
This contradiction completes the proof of Theorem 4. 2
Proof of Theorem 3.
We use the same notations and same technique as in the proof of Theorem 4, and omit some details. By contradiction. Suppose that G is a colored graph such that d Similarly, choose an edge uv ∈ E(G) such that N
